All rights reserved. Printed in Great Britain

J. Appl. Maths Mechs, Vol. 63, No. 2, pp. 291-298, 1999
@ ,Pe rgamon © 1999 Elsevier Science Ltd
PII: S0021-8928(99)00038-6 0021-8928/99/$—see front matter

www.elsevier.com/locate/jappmathmech

AN ASYMPTOTIC METHOD OF SOLVING TRANSIENT
DYNAMIC CONTACT PROBLEMS+

V. B. ZELENTSOV
Rostov-on-Don
(Received 13 August 1998)

Using a special approximation in the complex plane of the symbol of the kernel of the contact-problem integral equation, an
asymptotic form of its solution is constructed which is the fundamental solution of the transient dynamic plane contact problem
of the impact of a rigid punch with an elastic half-plane for short interaction times. The proposed approximation of the kernel
symbol enables it to be approximated in the complex plane with any previously specified accuracy. Unlike existing approaches
[1, 2, etc.], the approximation of the kernel symbol of the integral equation employed here enables the solution of this problem
to be obtained in the form of simple formulae not containing singular quadratures. © 1999 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM AND ITS INTEGRAL EQUATION

Consider the plane contact problem of the impact of a punch of width 2a (| x | < a) with an elastic half-
plane (y = 0, | x | < <o) with initial impression velocity vy and ignoring friction forces in the contact
region. The shape of the punch and its law of motion in the elastic medium are defined by the function
E(x, t)(I x | < a, t = 0). At the initial instant, taking into account the fact that before impression the
elastic medium is at rest, the displacements of the elastic medium u = u(x, y, t) and v = v(x, y, t) and
their velocities are assumed to be zero.

In the generally accepted notation of the theory of elasticity [2], the mixed boundary conditions of
the contact problem when y = 0 (¢ > 0) have the form

‘txy=0, —ooL X < o0
O'yy=0, oL X< -, A< X< 00 (1.1)
v=gx, 1), —-a<x<a

with the condition that at infinity (V(x? + y*) — c0) the displacements u and v, together with their partial
derivatives with respect to x and y, vanish.

Using Laplace integral transformations with respect to time ¢ [3] and a Fourier integral transforma-
tion with respect to the longitudinal coordinate x [4], applied to the differential equations of the theory
of elasticity [2] and to the mixed boundary conditions (1.1), taking into account the initial conditions
and the conditions at infinity, the solution of the contact problem can be reduced to the following integral
equation

[oL(E, P& - x, )& = 2neL(x, p), IxI<a (12)

k(t, p) = jj;K(a, pe“da, K(o,p)= ﬁ%‘:-‘:%l
R(a, p) = (0} + o) (A +2)07 - Ao?) - 4pa’o;o,
o, =2 +p2 1Y, o, =2 +p /ety ¢ =[(A+2p)/p)”
¢y =(n/py*
with respect to the unknown transformant (p"(x, p) of the contract stresses, @(x, ¢), which occur under

the punch, and o,,(x, 0, ©) = @(x, t). Here p is the density of the material of the half-plane, A and p are
the Lamé elastic constants [2] and e-(x, p) is the Laplace transform of the function €(x, ¢).
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The following expressions are obtained for the Laplace transform of the vertical displacements vh(x,
¥, p) and of the normal stresses oﬁy(x, ¥,P) (¥ =0, =0 <x < )

— o

L — _1_ T -0y —G2y
vo(x,y,p)= 2n.{°(p Fa, p)[ 200, +(csl +0 )c e ]R(a ) do (1.3)
oL, (x,.p J 0™ (@, p)-2070,05¢ ™" +(0} + o J(A +20)03 ~
-—iu.x
_mZ) —02)‘]
R(ar ,P)

In Eq. (1.2) we have introduced the following notation (v is Poisson’s ratio)

p=c,p, Br=c2/ct =(1-2v)/12(1- V)]

In the inner integral of integral equation (1.2) we have made the substitution o0 = p’u, and in the
outer integral we have made the substitutions & = a&’ and x = ax’. As a result of these changes, integral
equation (1.2) reduces to the dimensionless form (the prime is omitted)

J<p (ép)k(é )d& 2l p) lxis<] (1.4)

Y
k()= [ K(u)e™du, K(u)=2(1- Bz)—u—i—-—ﬁ—
r Ro ()

o= 0417 N T

2 c
Frup==01-pHpe (x.p), A=-%
a ap
Equation (1.4) was then multiplied by 2(1 — B?), and the contour of integration I' in the complex
plane u = 6 + it makes an angle of —arg p with the real axis (t = 0).

2. THE ASYMPTOTIC SOLUTION OF
THE INTEGRAL EQUATION FOR LARGE p

The symbol of the kernel of integral equation (1.4), the function K(u), possesses the following
properties: it is even with respect to u, real on the real axis of the complex plane 4 = ¢ + i1, and the
behaviour of K(u)at zero and at infinity is given by the relations

K@) =tul™ +0(ul?), lul—> e (2.1)

K@) =K(©0)+0u?), u—0; K(0)=2B1-p?) (2.2)

In the complex plane u = ¢ + it the function K(u) has four branching points u = *iff and u = =i,
and two poles u = *ing (Rayleigh poles) [5].

For a unique representation of the function K(x) in the complex plane u we make cuts which pass
from the branching points u = i, u = if to ie along the positive part (Imu = 0) of the imaginary axis
and from the branching points u = —i and u = —if} to —ie along the negative part (Imu < 0) of the
imaginary axis. In the plane cut in this way with deleted Rayleigh poles u = *ing, the function K(u) is
analytic, including the poles | Im(u) | < B, B < 1 < 1.

To construct the zeroth term of the asymptotic form of the solution of integral equation (1.4) for
large values of p, it is sufficient to construct the zeroth term of the asymptotic form of the solution of
(1.4) for small values of A. After deforming the contour of integration I' in the complex plane u = o
+ it into a contour parallel to the real axis (t = 0) and arranged in the strip | Im(u) < B | < B, the
zeroth term of the asymptotic form of the solution of integral equation (1.4) for small A can be
represented in the form of the superposition of solutions of the following integral equations [6]
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fcm(& p)k(é )a’&, onfl(x,p), ~1<x<oo
_Il(pf(ﬁ, p)k(g—;\{)dé =2nfl(x,p), —e<x<1 (2.3)
I P, p)k(é )dg 2nfL(x,p), —eo<x<oo

k(t) = Tk(u)e"“'du

ot (x.p)= ‘°+(j\ )+q> (1:\ )—@i(%,p) (2.4)

For this purpose, we have made the replacement of variables £ = Al -1, x = Ax'—land =1 -
AE,x = 1 - Ax/, respectively, in the first two equations of (2.3), while in the third equation of (2.3) we
have made the replacement & = A, x = Ax’.

As a result of these changes, Eqs (2.3) take the form (we have omitted the primes)

using the formula

ToLE, pI(E — )t = 21 (EAX F1, A, 0= x <oo 2.5)
4]
ToLE P(E - x)dE = 2nf “(Ax, YA, —eo < x < oo 26)

. Equations (2.5) are the Wiener—Hopf equations on the half-axis, while (2.6) is the equation of convolu-
tion on the axis [7].

The solution of integral equation (2.6) is obtained by applying a Fourier integral transformation to
it and is given by the formula

f fH , pyexp(= ux) .

L =
(Pw(x’P)— K( )

2.7
The solution of integral equation (2.5) is obtained by applying a standard Wiener-Hopf procedure
[9, 10] to it. The solution of the first integral equation of (2.5) can thereby be represented by the formula

I 8. (u)exp(—iux) .

L _
o (x,p)= K. ()

o (2.8)

=00

where g, (1) is a function that is regular in the upper half-plane (Imu« > 1_,0 < |1_| < ) and is defined
from the relation

F@

g.(uw)+g ()= Kr(u)'

Fo@) = | FH(AE~1, p)exp(iu)de 29)
0

while the functions K, (#) and K_(u) are found by factorizing the function K(u) = K, (u)K_(u); they are
regular in the upper half—plane (Im u > t_, 7. < 0) and the lower half-plane (Imu < 1,1, = 0) of
the complex plane u =0 +ir, respectlvely

The solution ¢X(x, p) of Eqs (2. 5) is given by (2.8), in which F, (u) is given by (2.8) and (2.9),
but with the integrand replaced by f“(~AE + 1, p)exp(iut) in the formula for F, (u).

After calculating the quadratures (2.7) and (2.8) and returning to the old variables, the zeroth term
of the asymptotic solution of (1.4) is given by (2.4). In general, it is difficult to calculate quadratures
of the type (2.8) in analytic form since K, () and K_(u) are given in singular quadratures [2] as a result
of the factorization of K(u).
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3. APPROXIMATION OF THE FUNCTION K(u)
AND ITS FACTORIZATION

To obtain an approximate solution of the integral equation of dynamic stationary and static mixed
problems we used a method based on a special approximation of the symbol of the kernel K(u) of the
integral equation along its axis of integration [6, 8-11, etc.]. We chose as the approximating function
a function that could be factorized by elementary means and which enabled quadratures of the type
(2.8) to be calculated in analytical form. It has been established [10, 11], that, by an appropriate choice
of the approximating function, the error of the approximate solution of the integral equation does not
exceed the approximation errors.

When solving transient dynamic contact problems the need arises to choose a form of the approxi-
mating function in the complex plane which will satisfy the above requirements and enable the physical
meaning of the problem to be preserved in the solution. The usual methods of approximating the function
in the complex plane, for example, the Padé approximation [12], do not satisfy this requirement.

Here we will take as the approximation of the functions K(u), which satisfies all the above require-
ments, a function Ky(u) of the following form

2 2
Kow=B  w

u?+n?
M, ()= expB idk((,/ﬁ+iu—41+iu)2*+2 +(/B—iu -—\/l—iu)z"*z)}
k=0

The constants d; are found from the conditions for best approximation of K(u) in the complex plane
u = 6 + it. The Rayleigh poles * in of the function K(u) are found from the equation Ry(u) = 0.

The function Ky(u) in (3.1) is factorized, i.e. it is represented in the complex plane in the form
Ko(u) = K3(u)K® (1), by elementary methods, and we then have

Ko = B ’:" exp[l f;d,,@/ﬁxiu -7 iu)z"“] (3.2)
Mo Fiu 2 k=0

(3.1)

The functions K% (u) possess the property
K2(u) = K°(~u) (3.3)

and are regular in the half-planes Im(x) > -8 and Im(x) < B (B > 0), respectively, with asymptotic forms

Kd(u)= T—IT + o(hl—l) lu b oo (3.4)
K2(u)=JK©) +O), 1ui>0 (3.5)

Note that the form of approximation (3.1) is not unique.

4. THE ASYMPTOTIC SOLUTION OF INTEGRAL EQUATION (1.4)
WITH THE APPROXIMATED KERNEL

The solutions ¢5(x, p) of the Wiener—Hopf integral equation (2.5) when the symbol of the kernel
K(u) of this equation is replaced by the approximating function Ky(1) is given by the general formula
(2.8), in which it is sufficient to substitute K% (u), defined by (3.2), instead of K. (). The zeroth term
of the asymptotic solution of integral equation (1.4) is given by (2.4), after changing in oL (x, p), oL,
p) to the old variables.

For the case of a plane punch, when &(x, £) = €(¢) and the right-hand side of integral equation (1.4)
takes the form

FHo0p)= %(1 B et (p)

where €-(p) is the Laplace transform of the function &(r), the solution ¢%.(x, p) of integral equation
(2.6) can be represented by the formula
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e’ (p)

_2,. @2

95(x,p)=

The solutions of integral equation (2.5) in this case are given by the formula

6e”(p) ]" exp(—iux)

L
X, =
= (5 P)= AR 0) 2. —iuKO)

du (4.2)

When calculating the quadratures in (4.2) we make the replacement of variable —iu = s. In the complex
plane s = u + v the integrand [sK2(is)]™" has singular points: at zero (s = 0)—a first-order pole and
two algebraic-type branching points when s = —f§ and s = —1. For a unique representation of the integrand
of (4.2) in the complex plane s we make cuts from s = — and s = -1 to — along the negative part of
the real axis, with a subsequent choice of the branches of the function V(B + s) and V(1 + s5) with the
condition V1 = 1. Evaluation of the integral in (4.2) leads to the formula

9’ (p)

L —
P:(%P)= 08505

oo 1
[{ a0 (), y)dy + g q(P,(3),y)cos[E(»)Q,,; (MNdy + :ﬁ;(ﬁ] (43)

a(w,y) =D(y)exp(-w—yx), L) =4y-B/1-y
10)=5 £ D ({r=B-p=1) "

B(y) = -0 = im(1,0)), P.()=Rel-
6] m Q. () o) (%200, F,(y)=Re[-x, ()}

xz(y)zékiodk(i [y___B_ (——l_y)2k+2

When returning to the old variables in (4.1) and (4.3) we take into account the fact that in this case
the zeroth term of the asymptotic form of the solution of integral equation (1.4) is represented by formula
(2.4).

5. THE SOLUTION OF THE CONTACT PROBLEM FOR SMALL ¢

The asymptotic solution of the contact problem in question for a plane punch for small ¢ is obtained
by changing to the originals of the Laplace transformation in (2.4), (4.1) and (4.3) (the solutions of
integral equation (1.4)). The originals of the functions ¢%(x, p), o%.(x, p), after reverting to the dimensional
variable x in (4.1) and (4.3), are given by the formulae [13]

_20-p*nu
Q. (x, 1) = oK (D) E() (5.1)
__ 20-pw 23t - Vatx
P ) S Oy @R [Elat({ﬁ‘“’x)e(t el aixm] 2

E@)=¢€'(t) +£(0)0(r)

£t X) = H(t = 5 yx(t) exp(~, (£, %))

F(t.x)=[H(t = 1)~ H(t — 1)ty exp(=F, (t/ 17))cos(, (1, X))
t-13

x(t) = — B
tw/t—tli
2k+2
12 Jt—t* —Jt—t:t t—tF — i -1 t
\y](t,x)=__ikzo(_l)kﬂdk(__l_ti___l} __'_;Q 4 ;_f
= 2 2

s ‘VZ(t,x) =
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. axx . + + nk°(0)
t = =1,2), tz=Net;, b=—""-7
Y, tr =Mt ,K(0)

where H(z) is the Heaviside function, () is the Dirac delta function, P,(f) and Q,_;(¢) are defined in
(4.3), and €(0) is the initial impression of the punch (before ¢ = 0). The zeroth term of the asymptotic
solution of the contact problem is defined by the formula

P(x, =@, (a+xD+P_(a—x,1)~ Q. (x,1) (5.3)

Formulae (5.1)—(5.3) enable us to analyse the dynamics of the contact stresses @(x, ¢). The following
is established by such an analysis: (1) the contact stresses are proportional to the rate of impression of
the punch €’(¢) until the arrival of waves from the edges of the punch (for alix € (cyf —a,a —cyt)), and
then are added to them; (2) the contact stresses contain fixed singularities of the form (a + x)™?
which arise at the edges of the punch (x = *a), and also mobile singularities at the wave fronts of the
longitudinal waves (E/QO) # 0), which propagate from the edges of the punch with velocity ¢;, of the
form (cyf — (a % x)) V%, whereas a wave front of the transverse wave, moving with velocity c,(c; < ¢;),
has no singularities [1, 2]

In the special case when the punch is simultaneously impressed into the elastic medium at the initial
instant ¢ = 0 (in this case €(?) = go(H(f)), the contact stresses are given by (5.3), in which

201-P%)peo ¢ 51)

Qo (x,0) = ) (5.4)
2(1- B?)pe, [ m ] :
P atxt)= K Oer(at ) 3 filt.x)+ bJat x8(r) (5.5)

while fi(¢, x) (k = 1, 2) and b are given in (5.2).

In the case of the approximation of Ky(u) of the form (3.1) for n = 0 in the case considered the
formulae for solving contact problem (5.3)—(5.5) take the simplest form, since they do not contain
quadratures, while f,(¢, x) are given by the formulae

do(1-B2)t5
2 \t—tf +y1—1F ’
(e=st +i-5)

L, x)=[H( - tl )-H(E-1; )]x(t) exp|i(—-l—2-[i + — )do]cos(wz (t,x))

doJt — 15 [t; ~1
+

)

Silt,x)=H(t- t%)x(t) exp

\Ifz(t,X) =

The function x=(?) is given in (5.2).
If the constant of the approximation dj is determined from the condition K(0) = Ky(0), we
have

do = In(EK(O)B™)/(1 - /B)’

The error of this approximation (n = 0) for all v € [0; 0.44] along the real axis (T = 0) of the complex
plane u = ¢ + it does not exceed 4%, while over the whole range v € [0; 0.5] it does not exceed 22%.
The increase in the approximation error as v — 0.5 is due to the fact that the material of the half-plane
becomes incompressible and K(u) takes a qualitatively different mathematical form when v = 0.5: the
analytic expression for the function contains only one algebraic root.

The formulae obtained for the contact stresses enable one to construct the wave field of the
displacements and stresses in an elastic medium. To do this one can use the Cagniard—de Hoope
method [2, 14] to evaluate the integrals in (1.3). The formula for representing the wave field of the
normal stresses G,,(x, y, ), after using the Cagniard-de Hoop method to evaluate the integral in (1.3),
takes the form
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2 !
0‘”=—u—g' -2 i(-l-—ow —a—j f(*c,x)e(‘c—t)d‘c (5.6)
c,P ¢ ¢, K2(0) g=10t i

and contains four integrals, since H denotes that either H; or Hj is taken alternately. We have
introduced the following notation

2 2 T (@t x)—yp It yS1T¢, <
H,i(t,x)::Im{‘-F 1 (s°=-%) ﬂ]l ,Si-‘—{ﬂ( @xx)—ypydr", y 1S

sKY(xis)  R(s) dvj B(tc, (@t x)+iypi)n?, 1c, =1,

1 06,6, ds
+ =1m 00,
Ham) [ K(tis) R(s) dr}

F o\ -2
¢ _J(e(@tx)=ypydn”, ysSTte, S0
S+

(tylatx)+iypp)n’, 6, >n

pE, = (=DM -22NE, mi=1,2 r=(ax)?+y?)*

R(s)=(82—%)2+320102, Gl =‘\/1—‘Sz, 02 =."Bz ...s2
rlcy, cosB<P

tltz.'_-i_, ti= 5 , 9=arctgl
—Blatx)-y1-B*, cos0>p x

G
The function K} («) is given by (3.5) for the general case of the approximation. Formula (5.6) enables
us to give a geometrical picture of the stress wave field 6,,(x, y, #) and to indicate features on the wave
fronts of elastic waves in an elastic half-plane [2].

6. THE MOTION OF A PUNCH IN AN ELASTIC MEDIUM

The impression of a plane rigid punch £(¢) into an elastic half-plane can be determined from the
differential equation (the punch is represented by a point mass M), with initial conditions

ME(H =0t e(0)=go, E(0)=V, (6.1)

where Q(t) is the elastic resistance force of the medium.
To determine the Laplace transform of the elastic resistance force of the medium

0" (p)=—[@"(x, p)dx

—d

we will use the zeroth term of the asymptotic form ¢*(x, p) of the solution of integral equation (1.4).
To do this we take the asymptotic solution of the integral equation for small ¢ in the new multiplicative
form [6]

¢-(x, p) = 9(a + x, pyoLa —x, p)ioL(x, p) (6.2)

the realization of which leads to the formula

KO 1 ‘T (cn (iu) exp(yu)du (6.3)

o 2
0" (p)=—2(1-p*pa——= K(0) 21 o

w(iu) = —(uK%@u)™, y=2A, Rec>0

The functions K2(u) are given by (3.5).
For ¢t < 2a/c, formula (6.3) takes the form

2(1—B2)ul<(0)[ 2ap _2iK;(0)]EL(p)

L = -
CW=""5"0 |50 KO

6.4)

From the solution of (6.1) we obtain, by means of a Laplace transformation using expression (6.4)
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Table 1
No. Material 1 x 10'°, N/m p x 10 kg/m? v max €, mm t.x 10% s
1 Aluminium 25 2.7 0.35 2.16 1.21
2 Granite 4.0 30 0.10 1.15 0.62
3 Copper 3.0 8.9 0.35 1.82 1.06
4 Steel 8.0 7.7 0.25 1.24 0.71
5 Glass 29 2.5 0.20 2.13 117
6 Cast iron 44 7.0 0.25 1.60 0.90
Egpt+V
eh(py=—2PTT0 = _F2 (6.5)
(p + u‘) + 8* BCzM

5. =7WEB%%1;_“3’ Lo = /BNo In[2(1 - B?)m31+2B — 7o

Calculations show that 8- > 0 for all v € [0; 0.44]}, i.e. for those values of v for which the approximation

Ky(u) given by (3.1) for n = 0 allows of an error of less than 4% for K() along the real axis. For such
values of v, the value of the impression of the punch takes the form (g = 0)

\Z
&) = JO_ exp(—ust)sin 8.t (6.6)
.
The depth of maximum impression of the punch into the elastic medium is then given by the formula
V0. arctg 0.
)= - 5 K
max (k) 8.(1+6,) CXP( CR J 67

-J—s_; 9.— i

|
te = ‘/—starctg . , \/g

where . is the time of maximum impression, found from the condition g(¢.) = 0.

Using (6.7) we calculated maxe and ¢+ for M = 200 kg, a = 1 cm, and vy = 30 m/s. The results are

given in Table 1 for various materials with an indication of their characteristics [14], used in the
calculations.

(= Y B e S
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12. -
. BATEMAN, H. and ERDELYI, A,, Tables of Integral Transforms. McGraw-Hill, New York, 1954.
14,

15.

I wish to thank V. M. Aleksandrov for his interest.
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